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THE FARRELL–JONES CONJECTURE FOR HYPERBOLIC AND
CAT(0)-GROUPS REVISITED
DANIEL KASPROWSKI AND HENRIK RU¨PING
Abstract. We generalize the proof of the Farrell–Jones conjecture for CAT(0)-
groups to a larger class of groups, for example also containing all groups that
act properly and cocompactly on a finite product of hyperbolic graphs. In par-
ticular, this gives a unified proof of the Farrell–Jones conjecture for CAT(0)-
and hyperbolic groups.
1. Introduction
The Farrell–Jones conjecture for a group G says that the K-theoretic assembly
map
HG∗ (EVcycG; KA)→ HG∗ (pt; KA) = Kalg∗ (A[G])
and the L-theoretic assembly map
HG∗ (EVcycG; LA)→ HG∗ (pt; LA) = L〈−∞〉∗ (A[G])
are isomorphisms for any additive G-category A (with involution), see Bartels and
Reich [BR07, Conjectures 3.2 and 5.1]. The Farrell–Jones conjecture implies several
other conjectures. More background information about the Farrell–Jones conjecture
can be found in Lu¨ck and Reich [LR05].
As in [Weg15, Definition 2.15] we say that a group G satisfies the Farrell–Jones
conjecture with finite wreath products if for any finite group F the wreath product
G o F satisfies the K- and L-theoretic Farrell–Jones conjecture. We will use the
abbreviation FJCw for ”Farrell–Jones conjecture with finite wreath products”.
We will weaken the assumptions in the proof of the Farrell-Jones conjecture for
CAT(0)-groups (see Bartels and Lu¨ck [BL12a, BL12b] and Wegner [Weg12]). In
Section 2 we begin by defining some properties of bicombings. The assumptions of
our main theorem, Theorem 6.1, are stated in Assumption 2.6. We also give some
examples of groups satisfying those. As one application we obtain the following
result.
Theorem 1.1. All groups acting properly and cocompactly on a finite products of
hyperbolic graphs satisfy the Farrell–Jones conjecture with finite wreath products.
The Farrell–Jones conjecture is known for hyperbolic groups by work of Bartels,
Lu¨ck and Reich [BLR08a, BLR08b]. But Theorem 6.1 now gives a unified proof of
the Farrell–Jones conjecture working for both hyperbolic and CAT(0)-groups. In
Section 3 we give an example of a group satisfying Assumption 2.6 which is not a
CAT(0)-group.
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2 DANIEL KASPROWSKI AND HENRIK RU¨PING
In Section 4 and Section 5 we generalize several results from Bartels and Lu¨ck
[BL12b] about flow spaces and contracting transfers to our setting. Using this we
can prove the main theorem in Section 6.
Acknowledgements: We would like to thank Arthur Bartels for helpful dis-
cussions and Martin Bridson for telling us about the example in Section 3. We also
would like to thank Daniel Lu¨tgehetmann, Tessa Turini, Mark Ullmann and the
referee for useful comments and suggestions. The first author was supported by the
Max Planck Society.
2. Bicombings
Definition 2.1. A constant-speed bicombing on a metric space X is a continuous
function
γ : X ×X × [0, 1]→ X
such that for every x, y ∈ X the function γx,y : [0, 1] → X with γx,y(t) = γ(x, y, t)
is a rectifiable path of constant speed l(γx,y) from x to y.
The bicombing γ is called
(1) geodesic if those paths are actually geodesics, i.e., l(γx,y) = d(x, y);
(2) convex if for every x, x′, y, y′ ∈ X the function
[0, 1]→ R, t 7→ d(γx,y(t), γx′,y′(t))
is convex;
(3) A-convex for a continuous function A : [0, 1]× [0,∞)× [0,∞)→ [0,∞) with
A(1, s, 0) = A(0, 0, s) = 0 for all s ≥ 0 if for every x, x′, y, y′ ∈ X and
t ∈ [0, 1] we have
d(γx,y(t), γx′,y′(t)) ≤ A(t, d(x, x′), d(y, y′));
(4) consistent if the chosen paths behave well under restriction, i.e. if for all
x, y ∈ X, s < s′ ∈ [0, 1], t ∈ [s, s′] we have
γx,y(t) = γγx,y(s),γx,y(s′)
(
t−s
s′−s
)
.
Convex bicombings are A-convex for the function A(t, s, s′) = (1 − t)s + ts′. Let
G be a group acting isometrically on X, then the bicombing γ is equivariant if for
every g ∈ G, x, y ∈ X, t ∈ [0, 1] we have
gγx,y(t) = γgx,gy(t).
Remark 2.2. In the literature it is not always assumed that a bicombing is con-
tinuous in X ×X.
Remark 2.3. The definition of A-convex is made in such a way that two chosen
paths with the same endpoint eventually are close together in the following sense.
If a bicombing γ is A-convex , then for every s, ε > 0 there exists δ > 0 such that
for all t ∈ [1− δ, 1], x, x′, y ∈ X with d(x, x′) ≤ s we have
d(γx,y(t), γx′,y(t)) ≤ A(t, d(x, x′), 0) < ε.
We define the following generalization of CAT(0)-groups. The name is motivated
by the definition of a Busemann space, which is a geodesic space such that all pairs
of geodesics are convex, see [Bow95, Section 1]. Note that we will only assume
convexity for a bicombing.
THE FJC FOR HYPERBOLIC AND CAT(0)-GROPUS REVISITED 3
Definition 2.4. A group G is called Busemann group if there exists a finite-
dimensional, proper metric space X with a cocompact, proper and isometric G-
action and a consistent, convex, equivariant, geodesic bicombing γ on X.
Example 2.5.
(1) Every CAT(0)-group is a Busemann group.
(2) By a result of Descombes and Lang [DL15, Theorem 1.3] every hyperbolic
group is a Busemann group. Namely, the action on its injective hall satisfies
the assumption. See Example 2.9 for a quick review of their proof.
We will proof our main theorem under the following even more generally but
also more technical assumption. In the next section we will give an example of a
group satisfying it, which is not a CAT(0)-group.
Assumption 2.6. Let G be a group. Assume there exists a finite-dimensional,
proper metric space X with a cocompact, proper and isometric G-action. Fur-
thermore, assume there exists a consistent, A-convex, constant-speed, equivariant
bicombing γ on X with γx,x(t) = x for all x ∈ X, t ∈ [0, 1] and a continuous function
f : [0,∞)→ [0,∞) with f(0) = 0 and |l(γx,y)− l(γx′,y′)| ≤ f(d(x, x′) + d(y, y′)) for
all x, x′, y, y′ ∈ X.
For the proof of the main theorem we will need certain monotonicity assumptions
on the functions A and f appearing in Assumption 2.6. Those can always be
satisfied by the following remark.
Remark 2.7. Given a function A as in the definition of A-convexity.
Let B : [0, 1]× [0,∞)× [0,∞)→ [0,∞) be given by
(t, s, s′) 7→ max{A(t, r, r′) | 0 ≤ r ≤ s, 0 ≤ r′ ≤ s′}.
We can always replace A by
A′ : [0, 1]× [0,∞)× [0,∞)→ [0,∞),
(t, s, s′) 7→

max{B(t′, s, s′) | 0 ≤ t′ ≤ t} 0 ≤ t ≤ 1/3
max{B(t′, s, s′) | t ≤ t′ ≤ 1} 2/3 ≤ t ≤ 1
max{B(t, s, s′), (3t− 1)A′(2/3, s, s′)
+(2− 3t)A′(1/3, s, s′)} 1/3 ≤ t ≤ 2/3
.
So without loss of generality we can assume that A is monotonically increasing in
the second and third coordinate, in the first coordinate monotonically increasing
on [0, 1/3] and decreasing on [2/3, 1].
By the same argument we can assume that f is monotonically increasing.
Lemma 2.8. Let (X, d), (X ′, d′) be metric spaces with constant-speed bicombings γ
and γ′ respectively. Then there exists a constant-speed bicombing γ on the product
X×X ′ with the l2-metric which is consistent if both γ and γ′ are. If γ and γ′ are A-
and A′-convex respectively, where A and A′ satisfy the monotonicity assumptions
from Remark 2.7, then γ is A := (A2 + (A′)2)1/2-convex.
Proof. Define
γ : (X ×X ′)2 × [0, 1]→ X ×X ′, ((x, x′), (y, y′), t) 7→ (γ(x, y, t), γ′(x,′ , y′, t)).
4 DANIEL KASPROWSKI AND HENRIK RU¨PING
It is easy to see that γ is a constant-speed bicombing and that it is consistent if γ
and γ′ are. Suppose the functions A,A′ satisfy the monotonicity assumptions from
Remark 2.7 and that γ is A-convex and γ′ is A′-convex. Then we obtain
d(γ(x,x′),(y,y′)(t), γ(w,w′),(z,z′)(t))
= (d(γ(x, y, t), γ(w, z, t))2 + d′(γ′(x′, y′, t), γ′(w′, z′, t))2)
1
2
≤ (A(t, d(x,w), d(y, z))2 +A′(t, d(x′, w′), d(y′, z′)) 12
≤ (A(t, d((x, x′), (w,w′)), d((y, y′), (z, z′)))2
+A′(t, d((x, x′), (w,w′)), d((y, y′), (z, z′)))2)
1
2
So γ is A-convex for A(t, s, s′) := (A(t, s, s′)2 +A′(t, s, s′)2)
1
2 . 
Example 2.9. Motivated by Burger and Mozes [BM97] we consider groupsG which
act properly, cocompactly and simplically on a product T1 × . . .× Tn of hyperbolic
graphs Ti. Note that since the action is proper and cocompact the graphs Ti are
locally finite.
Let Ti be δi-hyperbolic and v(Ti) be the set of vertices. By Lang [Lan13, Proposi-
tion 1.3] the injective hull E(v(Ti)) is also δi-hyperbolic and since v(Ti) is discretely
geodesic every point in E(v(Ti)) has distance at most δi+
1
2 to the image of the em-
bedding ei : v(Ti)→ E(v(Ti)). Every discretely geodesic δ-hyperbolic metric space
has (δ + 1)-stable intervals and thus the injective hull E(v(Ti)) is proper and has
the structure of a locally finite polyhedral complex with only finitely many isometry
types of n-cells, isometric to injective polytopes in ln∞ for every n ≥ 1 by [Lan13,
Theorem 1.1]. Combining these results we see that E(v(Ti)) is finite dimensional.
When we endow the product of the injective hulls E(v(Ti)) with the supremum
metric, then it is again injective and thus we get an isometric embedding
j : E(v(T1)× . . .× v(Tn))→ E(v(T1))× . . .× E(v(Tn)).
Since injective metric spaces are complete, the image is closed. From this we deduce
that E(v(T1)× . . .× v(Tn)) is proper, finite-dimensional and within finite distance
from the image of the embedding
e : v(T1)× . . .× v(Tn)→ E(v(T1)× . . .× v(Tn)).
By [Lan13, Proposition 3.8] every injective metric space admits a conical geodesic
bicombing and by Descombes and Lang [DL15, Theorem 1.1] every proper metric
space with a conical geodesic bicombing admits a convex geodesic bicombing. Since
E(v(T1)× . . .× v(Tn)) is finite dimensional it has finite combinatorial dimension in
the sense of Dress and thus the convex bicombing on E(v(T1)× . . .×v(Tn)) already
is consistent and unique, i.e. it is the only convex bicombing, by [DL15, Theorem
1.2]. The action of G on E(v(T1)× . . .× v(Tn)) is isometric and it is proper since
E(v(T1)× . . .×v(Tn)) is proper and within finite distance from v(T1)× . . .×v(Tn).
Since the convex geodesic bicombing is unique, it is equivariant with respect to the
G-action. This shows that G is a Busemann group.
3. A non-CAT(0) example
Let F be a hyperbolic surface, T1F the unit tangent bundle and G := pi1T1F .
We will show that G is not a CAT(0)-group but still satisfies Assumption 2.6.
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The group G fits into the non-split central extension
1→ Z→ G→ pi1F → 1,
see Scott [Sco83, Section 4] and Alonso and Bridson [AB95, Section 8]. Every finite
index subgroup H of pi1F is again the fundamental group of a hyperbolic surface
F ′ and the preimage of H in G is isomorphic to pi1T1F ′, i.e. the extension is also
non-split for every finite index subgroup of pi1F . Thus G is not a CAT(0)-group,
see Bridson and Haefliger [BH99, Theorem II.6.12]. Note, that the Farrell–Jones
conjecture for G follows easily from the fact that pi1(F ) is hyperbolic and the
inheritance properties of the Farrell–Jones conjecture.
We have a covering map T1H2 → T1F and thus both spaces have the same
universal cover. Since T1H2 is a fiber bundle over H2 with fiber S1, its universal
cover X is a fiber bundle over H2 with fiber R. Let p denote the projection of X to
H2. We have that T1H2 ∼= T1(SL2(R)/ SO2(R)) ∼= PSL2(R) and thus X ∼= S˜L2(R)
is one of Thurston’s eight three-dimensional geometries. Geodesics on X have
been studied by Nagy [Nag77]. The upshot is that they map to paths of constant
curvature in H2. How much they are curved depends only on the difference in the
fibers. Geodesics are not unique in X. For this reason we will define a bicombing
on X that behaves much better, similar to the bicombing defined in [AB95].
Consider a geodesic line L ⊂ H2. It is easy to check that the preimage p−1(L)
equipped with the restriction of the left-invariant Riemannian metric on X is iso-
metric to R2.
Let us now define the constant speed bicombing. Given two points x, y ∈ X
consider the unique geodesic line L through p(x), p(y). Let γx,y be the geodesic
between x and y in the plane p−1(L). Note that this is in general not a geodesic
in X, since the plane is not a convex subspace. If we consider two points on such
a chosen path, they still lie in the same plane p−1(L) and thus the chosen path
between them is the restriction of the longer path. So the bicombing defined this
way is consistent.
There is an interpretation for the horizontal lines, i.e. the ones which are always
orthogonal to the fibers. Those are given by parallel transport, i.e. given any
geodesic line γ : R→ H2 and a unit tangent vector v at γ(0), then there is a unique
lift γ˜ : R → T1H2 which minimizes path length. The unit tangent vector γ˜(t) is
given by parallel transport of v along the path γ|[0,t].
Next we want to understand triangles in the upper bicombing. Parallel transport
around all sides of a triangle in H2 does rotate a vector by the angle sum minus
pi, which is the area of the oriented hyperbolic triangle, see [AB95, Lemma 8.4].
Approximating piecewise smooth curves by piecewise geodesic curves we obtain the
same result for those curves, i.e. that parallel transport along a closed, piecewise
smooth curve rotates a tangent vector by the oriented area that this curve encloses.
Let A,B ∈ X be given, let γ be a geodesic between A and B and c the geodesic
between p(A) and p(B). We can identify p−1(c) with [0, d(p(A), p(B))] × R such
that A = (0, 0) and B = (d(p(A), p(B)), hB) for some hB ∈ R. Let a be the area of
the domain enclosed by p(γ) and c. The isoperimetric inequality yields a ≤ l(c) +
l(p(γ)) ≤ 2d(A,B). Let Aˆ = (d(p(A), p(B)), h) be the point in the fiber over p(B)
given by parallel transport of A along p(γ). Then |h| = a and parallel transport
along p(γ) decreases the distance to B in p−1(p(γ)), since the Riemannian metric
restricted to p−1(p(γ)) is isometric to the l2-metric on [0, l(p(γ))] × R. Therefore,
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|h− hB | ≤ d(A,B) and
|hB | ≤ a+ d(A,B) ≤ 3d(A,B).
By construction the length of the path γA,B is (d(p(A), p(B))
2 + h2B)
1/2 ≤√
10d(A,B). Let B′ ∈ X be a third point and let hB′ be constructed analo-
gously. Let Bˆ′ = (d(p(A), p(B)), hˆ) be given by parallel transport of B′ along the
geodesic from p(B′) to p(B), where we still use the identification of p−1(c) with
[0, d(p(A), p(B))] × R. Then as above we have |hˆ − hB | ≤ 3d(B,B′). Further-
more, the difference |hB′ − hˆ| is given by the area a of the hyperbolic triangle
p(A), p(B), p(B′).
Let g(r) denote the maximal area of an (ideal) triangle in hyperbolic space H2
where one side has length r, i.e.
g(r) = pi − 2 cos−1(tanh(r/2)).
And let f ′(x) := (x2 + (3x+ g(x))2)1/2. Then using the calculations above we get
|l(γA,B)− l(γA,B′)| = |(d(p(A), p(B))2 + h2B)1/2 − (d(p(A), p(B′))2 + h2B′)1/2|
= ((d(p(A), p(B))− d(p(A), p(B′))2 + (hB − hB′)2)1/2
= (d(p(B), p(B′))2 + (3d(B,B′) + a)2)1/2
= (d(B,B′)2 + (3d(B,B′) + g(d(B,B′)))2)1/2
= f ′(d(B,B′)).
Setting f(x) := 2f(x′) we get
|l(γA,B)− l(γA′,B′)| ≤ f ′(d(A,A′)) + f ′(d(B,B′)) ≤ f(d(A,A′) + d(B,B′)).
It remains to see that the bicombing is A-convex for a suitable function A. The
length of the path from B to B′ is given by ((d(p(B), p(B′))2 +(hB−hB′ +a)2)1/2,
where a denotes the area of the hyperbolic triangle p(A), p(B), p(B′).
Let some number t ∈ [0, 1] be given and let C be the point γA,B(t) and let C ′
be γA,B′(t). Using the same estimations, we get
l(γC,C′) ≤ ((d(p(C), p(C ′))2 + (thB − thB′ + aC)2)1/2
where aC denotes the area of the triangle p(A), p(C), p(C
′). Since H2 is a CAT(0)-
space, we get d(p(C), p(C ′)) ≤ t · d(p(B), p(B′)).
Thus with a(t, r) := (t · r)2 + (4t · r + tg(r) + g(t · r))2)1/2 we obtain
d(C,C ′) ≤ l(γC,C′) ≤ a(t, d(B,B′)).
And in the same way
d(γA,B′(t), γA′,B′(t)) = d(γB′,A(1− t), γB′,A′(1− t)) ≤ a(1− t, d(A,A′)).
By the triangle inequality the bicombing is A-convex for the function
A(t, x, x′) := a(t, x) + a(1− t, x′)
.
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4. The flow space
In this section we will define a flow space FS(X, γ) from a bicombing γ on X.
Remark 4.1. We will equip the space Map(R, X) of all continuous maps from R
into a space X with the compact-open topology. If X is a metric space, we can
consider the closed subspace LipR(X) of all R-Lipschitz maps from R into X. The
subspace topology on Lip1(X) is induced by the metric
d(f, g) :=
∫
R
d(f(t), g(t))
2e|t|
dt.
The R-action Φ on Map(R, X) given by Φt(f) = f( + t) restricts to Lip1(X).
Definition 4.2. Let G be a (discrete, countable) group. A flow space for G is a
metric space FS together with a continuous action of G× R, such that the action
of G on FS is isometric and proper. We call a flow space FS cocompact if the G
action on FS is cocompact.
Definition 4.3. Following the definition of a generalized geodesic from Bartels and
Lu¨ck [BL12b, Definition 1.1] we call a continuous function
p : R→ X
a trail if there are numbers p−, p+ ∈ [−∞,∞] such that p is a path of speed 1 on
[p−, p+] and locally constant on the complement.
If the trail p is not constant, than the numbers p−, p+ are uniquely determined
by p.
Remark 4.4. In general the space of all trails need not be a closed subspace of
Lip1(X), i.e. the limit of a sequence of paths of speed one could have speed less than
one. In Lemma 4.14 we show that this problem does not arise when we consider the
space of trails coming from a bicombing as in the next definition if the bicombing
is consistent.
Another problem that arises in the general setting which is not present in the
CAT(0)-case is that the space of all trails is in general not finite dimensional even if
the space X is. We will now show how to construct a finite-dimensional flow space
FS(X, γ) starting from the conditions in Assumption 2.6. The main ingredient for
the constructed flow space to be finite-dimensional is again the consistency of the
bicombing.
Definition 4.5. Given a constant speed bicombing γ : X×X× [0, 1]→ X, we can
consider the space consisting of all trails cx,y of the form
cx,y :=

x t ≤ 0
γx,y(t/l(γx,y)) t ∈ [0, l(γx,y)]
y t ≥ l(γx,y)
,
where x, y are some points in X. The flow space FS(X, γ) is the closure of
A(X, γ) := {Φtcx,y | t ∈ R, x, y ∈ X} in the space Map(R, X).
Note that A(X, γ) is contained in the space Lip1(X) of all 1-Lipschitz maps
R→ X and thus its closure FS(X, γ) is also contained in Lip1(X). We will restrict
its metric to FS(X, γ).
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In general the map that assigns to the pair (x, y) the path above need not
be continuous, as the path length can be discontinuous viewed as a map from
Map([0, 1], X) with the compact open topology to R. The existence of a continuous
function f : [0,∞) → [0,∞) with |l(γx,y) − l(γx′,y′)| ≤ f(d(x, x′) + d(y, y′)) for all
x, x′, y, y′ ∈ X and f(0) = 0 as in Assumption 2.6 ensures continuity.
If X has an (isometric) G-action and γ is equivariant, then FS(X, γ) also inherits
an (isometric) G-action.
Lemma 4.6.
(1) Let c, d ∈ Lip1(X) be given. For all t0 ∈ R
dX(c(t0), d(t0)) ≤ e|t0| · dLip1(X)(c, d) + 2.
(2) For c, d ∈ Lip1(X), σ, τ ∈ R we have
dLip1(X)(Φτ (c),Φσ(d)) ≤ e|τ |dLip1(X)(c, d) + |σ − τ |.
Proof. The lemma is essentially [BL12b, Lemma 1.3 and Lemma 1.4] and the proof
there carries over to the setting of 1-Lipschitz maps. 
Lemma 4.7. If X is a proper metric space, then the space Lip1(X) with the metric
given above is also proper.
Proof. Let f ∈ Lip1(X), R ∈ R be given. By Lemma 4.6 for all t ∈ R we have
{f ′(t) | f ′ ∈ BR(f)} ⊆ Be|t|R+2(f(t)) and since X is proper, its closure is compact.
Furthermore, BR(f) is a subspace of Lip1(X) and thus equicontinuous. By a version
of the Arzela-Ascoli theorem ([Mun00, Theorem 47.1]) the closure of BR(f) is
compact. 
Corollary 4.8. The space FS(X, γ) is proper, since it is a closed subspace of a
proper metric space and the metric is just the restriction.
Corollary 4.9. The evaluation map
ev0 : FS(X, γ)→ X, f 7→ f(0)
is proper.
Proof. By the definition of the metric on FS, the evaluation map ev0 is continuous.
The preimage of an R-ball around a point x consists of 1- Lipschitz maps f with
f(0) ∈ BR(x). For any two such maps we have
dFS(f, f
′) ≤
∫
R
2R+ |2t|
2e|t|
dt =: R′ <∞.
Thus the preimage is contained in a ball of radius R′ around any of its points. This
ball is compact by the last lemma. 
Corollary 4.10. If X has a cocompact, isometric G-action and the bicombing γ
is equivariant, then the induced G-action on FS(X, γ) is also cocompact.
Proof. Pick a compact set K ⊂ X with GK = X. Then ev−10 (K) is also compact
and G · ev−10 (K) = ev−10 (X) = FS(X, γ). 
Lemma 4.11. If X has a proper, isometric G-action and the bicombing γ is equi-
variant, then the induced G-action on FS(X, γ) is also proper.
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Proof. We have an equivariant map ev0 : FS(X, γ)→ X to a space with a proper
G- action. For any compact subset K ⊂ FS(X, γ), we have that
{g ∈ G | gK ∩K 6= ∅} ⊂ {g ∈ G | g · ev0(K) ∩ ev0(K) 6= ∅}
and the latter is finite. Thus the G-action on FS(X) is also proper. 
Remark 4.12.
(1) Let Lip1(X, [a, b]) denote the subset of Lip1(X) consisting of all maps that
are locally constant on the complement of the interval [a, b]. We have a
retraction
res[a,b] : Lip1(X)→ Lip1(X, [a, b]), f 7→
t 7→

f(a) t ≤ a
f(t) t ∈ [a, b]
f(b) t ≥ b
 .
The continuity of this map can be easily verified. Since
Lip1(X, [a, b]) = {f ∈ Lip1(X) | res[a,b](f) = f}
is a retract of a Hausdorff space, Lip1(X, [a, b]) is a closed subspace.
(2) Let A(X, γ, [a, b]) := A(X, γ) ∩ Lip1(X, [a, b]). If γ is consistent, we can
restrict the upper retraction to
res[a,b] : A(X, γ)→ A(X, γ, [a, b]).
Lemma 4.13. The subspace A(X, γ, [a, b]) ⊆ Lip1(X) is closed.
Proof. Let cn ∈ A(X, γ, [a, b]) converge to c ∈ Lip1(X). Then cn(a) converges
to c(a) and cn(b) to c(b). There exist tn ∈ [a, b] such that cn = Φ−tnccn(a),cn(b).
Consider a subsequence such that tn converges to t ∈ [a, b]. Since both the flow Φ
and the bicombing c are continuous, so is the map
X ×X × R→ Lip1(X), (x, y, t) 7→ Φtcx,y.
Hence cn converges to Φ−tcc(a),c(b), i.e. c = Φ−tcc(a),c(b) ∈ A(X, γ). Since the space
Lip1(X, [a, b]) is a closed subspace of Lip1(X), we have
c ∈ A(X, γ) ∩ Lip1(X, [a, b]) = A(X, γ, [a, b]). 
Lemma 4.14. Let γ be a consistent bicombing on X. Then the space FS(X, γ)
consists of all trails w such that for any interval [a, b] of finite length
res[a,b] w ∈ A(X, γ, [a, b]),
i.e. res[a,b] w = Φ−max{a,w−}cw(a),w(b).
Proof. Let w ∈ Lip1(X) be a trail such that for all intervals of finite length [a, b] we
have res[a,b] w ∈ A(X, γ). Then the sequence (res[−n,n] w)n∈N in A(X, γ) converges
to w and thus w ∈ FS(X, γ).
For any interval [a, b] of finite length A(X, γ) is mapped to A(X, γ, [a, b]) under
res[a,b] since γ is consistent. By Lemma 4.13 A(X, γ, [a, b]) ⊆ Lip1(X) is closed and
thus also FS(X, γ) is mapped to A(X, γ, [a, b]) under res[a,b].
It remains to show that any w ∈ FS(X, γ) is a trail. Let w−, w+ be maximal
such that w is parametrised by path length on [−w−, w+]. If w−, w+ = ∞, the
element w is a trail. Thus, let us assume w+ <∞. For n > w+ the trail res[−n,n] w
is only parametrised by path length on [−max{n,w−}, w+] and thus has to be
constant on [w+, n]. This shows that w is constant on [w+,∞) and by the same
argument on (−∞,−w−], i.e. w is a trail. 
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Lemma 4.15. Proper maps between locally compact Hausdorff spaces are closed.
Proof. Let f : X → Y be proper and Y locally compact and Hausdorff. Let C ⊆ X
be closed. Every point y ∈ Y \ f(C) has an open neighborhood U with compact
closure. Since f is proper also f−1(U) and K := f−1(U) ∩ C are compact. Thus
f(K) is compact and hence closed. Now U \ f(K) is an open neighborhood of y
disjoint from f(C). 
Lemma 4.16. Let γ be a consistent bicombing on X. The map limn∈N res[−n,n] :
FS(X, γ)→ limn∈NA(X, γ, [−n, n]) is a homeomorphism.
Proof. Lemma 4.14 already shows that it is a continuous bijection. We have to
show that it is closed or by Lemma 4.15 that it is proper. Let K be any compact
subset of limn∈NA(X, γ, [−n, n]). We have to show that its preimage is compact.
By enlarging K, we may assume without loss of generality that it is the preimage
of some compact subset K ′ ⊂ A(X, γ, [0, 0]). Note that
FS(X, γ)→ A(X, γ, [0, 0]) = X
is the evaluation at 0 and thus a proper map by Corollary 4.9. 
Lemma 4.17. Let γ be a bicombing on X as in Assumption 2.6. The spaces
A(X, γ) and A(X, γ, [a, b]) have covering dimension at most 2 dimX + 1.
Proof. The space A(X, γ) is the union of the constant trails A(X, γ)R and the
non-constant ones. The evaluation map is an isometry of A(X, γ)R to X and
dimA(X, γ)R = dimX. Let us examine the second part. Consider the continuous
map
((X ×X) \∆(X))× R→ A(X, γ) \A(X, γ)R, (x, y, t) 7→ Φtcx,y,
where ∆: X → X×X denotes the diagonal map. The map is bijective by definition
of A(X, γ). We will now show that the map is also proper. For this it suffices that
every point in the image has a small neighborhood such that the closure of the
preimage is compact. Given c := Φtcx,y ∈ A(X, γ) \ A(X, γ)R. Since Lip1(X)R ⊆
Lip1(X) is closed, we have ε := d(c,Lip1(X)
R) > 0. Let r > 0 be such that∫ −r
−∞
|t|
2e|t| dt < ε/2. Define R := max{1,−
log(ε/2)
2 , r,−c−, c+, f(d(x, y) + 6)}. For
c′ ∈ Be−2R(c) and t ∈ [−2R,−R] we have by Lemma 4.6
d(x, c′(t)) = d(c(t), c′(t)) ≤ e|t|−2R + 2 ≤ 3
and for t ∈ [R, 2R]
d(y, c′(t)) = d(c(t), c′(t)) ≤ e|t|−2R + 2 ≤ 3.
Thus d(c′(−2R), c′(2R)) ≤ d(x, y) + 6 and l(res[−2R,2R] c′) ≤ f(d(x, y) + 6) ≤ R.
Claim: The trail c′ is constant on (−∞,−2R].
Since c′ is parametrised by path length it otherwise has to be constant on
[−R, 2R] by the above and since it is a trail also on [−R,∞). Then the distance to
the constant map to c′(−R) is∫ ∞
−∞
d(c′(t),c′(−R))
2e|t| dt =
∫ −R
−∞
d(c′(t),c′(−R))
2e|t| dt ≤
∫ −R
−∞
|t|
2e|t| dt < ε/2.
Thus d(c,Lip1(X)
R) ≤ d(c, c′) + d(c′,Lip1(X)R) < e−2R + ε/2 ≤ ε which is a
contradiction to the definition of ε.
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By the same argument it follows that c′ is constant on [2R,∞) and there exists
t ∈ [−2R, 2R] with c′ = Φtcc(−2R),c(2R). In particular, the pre-image of B1/2R(c) is
contained in K := B3(x)×B3(y)× [−2R, 2R] and the closure of K is compact.
It follows thatA(X, γ)\A(X, γ)R is homeomorphic to a subset ofX×X×R and by
the subspace theorem [Eng78, Theorem 1.1.2] it has dimension at most 2 dimX+1.
Since A(X, γ) = A(X, γ)R∪ (A(X, γ)\A(X, γ)R) and A(X, γ)R ⊆ A(X, γ) is closed,
this implies dimA(X, γ) ≤ 2 dimX + 1 by [Eng78, Corollary 1.5.5]. Using the
subspace theorem again, this also holds for A(X, γ, [a, b]). 
Corollary 4.18. The space FS(X, γ) has covering dimension at most 2 dimX+1.
Proof. Since FS(X, γ) is a proper metric space, it can be written as a countable
union of closed balls B1(xi) for some sequence of points xi ∈ FS(X, γ). By the
sum theorem [Eng78, Theorem 1.5.3] it suffices to show that every such ball has
dimension at most 2 dimX + 1. Let fn : FS(X, γ) → A(X, γ, [−n, n]) denote the
restriction map. We get
B1(xi) = lim
n
fn(B1(xi)).
Let U be any open cover of B1(xi). We have to find an 2 dimX + 1-dimensional
refinement of U . A basis for the topology of an inverse limit is given by the family
{f−1n (U) | n ∈ N, U ⊂ fn(B1(xi)) open}. Thus we can assume without loss of
generality that every open set in U is of this form. Since B1(xi) is compact, we can
pick a finite subcover. Thus there is some N such that every set of this subcover
is a pullback of an open set in fN (B1(xi)). Thus the whole cover is a pullback of
some cover U ′ of fN (B1(xi)). Since fN (B1(xi)) is a subspace of A(X, γ, [−N,N ]),
we can use the subspace theorem [Eng78, Theorem 1.2.2] and Lemma 4.17 to find a
2 dimX+1-dimensional subcover U ′′ of U ′. Then f−1N (U ′′) is the desired refinement.

5. Contracting transfers
In this section (X, γ), A and f will always be as in Assumption 2.6 and we assume
the monotonicity assumptions from Remark 2.7. Furthermore, FS(X, γ) will be the
flow space as defined in Definition 4.5, where the trails induced by γ are denoted
by cx,y.
Definition 5.1 ([Weg12, Definition 2.1,Definition 2.3]). A strong homotopy action
of a group G on a topological space X is a continuous map
Ψ :
∞∐
j=0
(G× [0, 1])j ×G×X → X
with the following properties:
(1) Ψ(. . . , gl, 0, gl−1, . . .) = Ψ(. . . , gl,Ψ(gl−1, . . .)),
(2) Ψ(. . . , gl, 1, gl−1, . . .) = Ψ(. . . , gl · gl−1, . . .),
(3) Ψ(e, tj , gj−1, . . .) = Ψ(gj−1, . . .),
(4) Ψ(. . . , tl, e, tl−1, . . .) = Ψ(. . . , tl · tl−1, . . .),
(5) Ψ(. . . , t1, e, x) = Ψ(. . . , x),
(6) Ψ(e, x) = x.
For a subset S ⊆ G containing e,g ∈ G and a k ∈ N define
Fg(Ψ, S, k) := {Ψ(gk, tk, . . . , g0, ?) : X → X | gi ∈ S, ti ∈ [0, 1], gk . . . g0 = g}.
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For (g, x) ∈ G × X we define S0Ψ,S,k(g, x) as {(g, x)}, S1Ψ,S,k(g, x) ⊆ G × X as
the subset consisting of all (h, y) ∈ G ×X with the following property: There are
a, b ∈ S, f ∈ Fa(Ψ, S, k), f ′ ∈ Fb(Ψ, S, k) such that f(x) = f ′(y) and h = ga−1b.
For n ≥ 2 define inductively SnΨ,S,k(g, x) =
⋃
(h,y)∈Sn−1Ψ,S,k(g,x) S
1
Ψ,S,k(h, y).
In case of a strict group action, the sets Fg(Ψ, S, k) contain only the map X → X
that is given by multiplication with g and the sets Sn(Ψ, S, k)(g, x) are analogs of
the sets B2nk(e) · (g, x), where B2nk(e) denotes the ball around the neutral element
e ∈ G with respect to the word metric with generating set S and the G-action on
G×X given by s · (g, x) = (gs−1, sx).
Definition 5.2 ([BL12b, Definition 0.2]). Let X be a metric space and N ∈ N.
We say that X is controlled N -dominated if for every ε > 0 there is a finite CW-
complex K of dimension at most N , maps i : X → K, p : K → X and a homotopy
H : X × [0, 1] → X between p ◦ i and idX such that for every x ∈ X the diameter
of {H(x, t) | t ∈ [0, 1]} is at most ε.
In our situation we will actually have p ◦ i = idX .
Definition 5.3 ([KR, Definition 9.6]). A flow space FS for a group G admits strong
contracting transfers if there is an N ∈ N such that for every finite subset S of G
and every k ∈ N there exists β > 0 such that the following holds. For every δ > 0
there is
(1) a number T > 0;
(2) a contractible, compact, controlled N -dominated space X;
(3) a strong homotopy action Ψ on X;
(4) a G-equivariant map ι : G × X → FS (where the G-action on G × X is
given by g · (g′, x) = (gg′, x)) such that the following holds:
(∗) for every (g, x) ∈ G ×X, s ∈ S, f ∈ Fs(Ψ, S, k) there is a τ ∈ [−β, β] such
that dFS(ΦT ι(g, x),ΦT+τ ι(gs
−1, f(x))) ≤ δ.
The goal of this section is to prove the following:
Proposition 5.4. If (X, γ) is as in Assumption 2.6, then the flow space FS(X, γ)
admits strong contracting transfers.
Definition 5.5. We define Pr(x) := {y ∈ X | l(cx,y) ≤ r}.
Before we can prove Proposition 5.4 we need the following technical statements,
which are the analogs of [BL12b, Lemma 3.6 and Proposition 3.5] in our setting.
They will be important to estimate distances in the flow space. The next lemma
shows that in a triangle of trails the two trails run close to each other for a long
time. This is used in the following proposition to prove the existence of a flow time
T moving these trails close together in the flow space.
Lemma 5.6. Let r′, L, β > 0, r′′ > f(β) and x1, x2 ∈ X with d(x1, x2) ≤ β and
r′′
r′′+2r′+f(β)+L ≥ 2/3 be given. Let r ≥ r′′ + 2r′ + f(β), T := r − r′ − f(β), x ∈
Pr+L(x1) and τ := l(cx2,x)− l(cx1,x). Then for all t ∈ [T − r′, T + r′] we have
dX(cx1,x(t), cx2,x(t+ τ)) ≤ A
(
r′′
r′′+2r′+f(β)+L , β, 0
)
+
(
f(β)(2r′+f(β)+L)
r′′
)
.
Proof. Let t ∈ [T −r′, T +r′]. From T −r′ ≥ r′′ > f(β) and |τ | ≤ f(β) we conclude
t, t + τ > 0. If t ≥ l(cx1,x), then cx1,x(t) = x = cx2,x(t + τ) and the statement of
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the lemma follows in this case. Therefore, we can assume 0 < t < l(cx1,x) and thus
0 < t+ τ < l(cx2,x). We obtain
dX(cx1,x(t), cx2,x(t+ τ))
≤ dX(cx1,x(t), cx2,x( tl(cx1,x) l(cx2,x))) + |t+ τ −
t
l(cx1,x)
l(cx2,x)|
≤ A( tl(cx1,x) , β, 0) + |t+ τ −
t
l(cx1,x)
(l(cx1,x) + τ)|
= A( tl(cx1,x)
, β, 0) + | l(cx1,x)−tl(cx1,x) τ |
≤ A( tl(cx1,x) , β, 0) + (f(β)
l(cx1,x)−t
l(cx1,x)
)
where the second inequality follows from the A-convexity of the bicombing.
Let a := r−r′′−2r′−f(β) > 0. Since l(cx1,x) ≤ r+L and t ≥ r−2r′−f(β) = r′′+a,
we have
t
l(cx1,x)
≥ r′′+ar′′+2r′+f(β)+L+a ≥ r
′′
r′′+2r′+f(β)+L
and the lemma follows from the monotonicity assumption in Remark 2.7 on A. 
Proposition 5.7. Let β, L > 0 be given. For all δ > 0 there are T, r > 0 such that
for all x1, x2 ∈ X with d(x1, x2) ≤ β, x ∈ Pr+L(x1) there is τ ∈ [−f(β), f(β)] such
that
dFS(ΦT (cx1,cx1,x(r)),ΦT+τ (cx2,cx2,x(r))) ≤ δ.
Proof. Let β, L, δ be given. Pick r′ > 1, r′′ > f(β), 1 > δ′ > 0 such that∫ −r′
−∞
1 + |t|
e|t|
dt ≤ δ
3
,
∫ r′
−r′
δ′
e|t|
dt ≤ δ
3
, r
′′
r′′+2r′+f(β)+L ≥ 2/3
and
A( r
′′
r′′+2r′+f(β)+L , β, 0) + (
f(β)(2r′+f(β)+L)
r′′ ) ≤ δ′.
Define r := 2r′+r′′+f(β) and T := r−r′−f(β). Let x1, x2 ∈ X with dX(x1, x2) ≤ β
and x ∈ Pr+L(x1) be given. Set τ := l(cx2,x) − l(cx1,x). Then |τ | ≤ f(β). By
Lemma 5.6 for all t ∈ [−r′, r′] we have
d(cx1,x(T + t), cx2,x(T + t+ τ)) ≤ A( r
′′
r′′+2r′+f(β)+L , β, 0) + (
f(β)(2r′+f(β)+L)
r′′ ) < δ
′.
Furthermore, for t ∈ [−r′, r′] we have
0 < r′′ ≤ T + t = r′ + r′′ + t ≤ r, 0 < r′′ + τ ≤ T + t+ τ ≤ r
and thus by consistency of the bicombing we obtain
cx1,x(T + t) = cx1,cx1,x(r)(T + t), cx2,x(T + t+ τ) = cx2,cx2,x(r)(T + t+ τ).
This implies
dFS(ΦT (cx1,cx1,x(r)),ΦT+τ (cx2,cx2,x(r)))
=
∫ ∞
−∞
d(cx1,cx1,x(r)
(T+t),cx2,cx2,x(r)
(T+t+τ))
2e|t| dt
≤
∫ −r′
−∞
2|t|+2δ′
2e|t| dt+
∫ r′
−r′
2δ′
2e|t| dt+
∫ ∞
r′
2δ′+2|t|
2e|t| dt
≤
∫ −r′
−∞
1+|t|
e|t| dt+
∫ r′
−r′
δ′
e|t| dt+
∫ ∞
r′
1+t
e|t| dt
≤ δ3 + δ3 + δ3 = δ. 
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Proof of Proposition 5.4. Let a basepoint x0 ∈ X be given. We will use the the
space PR(x0), for R = R(S, k, δ) big enough, to verify the existence of contracting
transfers.
Let a finite subset S ⊆ G, δ > 0 and k ∈ N be given. Let N := 2 dim(X) + 1,
β′ := max{d(gx0, hx0) | g, h ∈ S} and β := (k + 1)f(β′). By Proposition 5.7 there
exist T,R > 0 such that for all x1, x2 ∈ X with d(x1, x2) ≤ β′ and x ∈ PR+β(x1)
there is τ ∈ [−f(β′), f(β′)] such that
(5.1) d(ΦT (cx1,cx1,x(R)),ΦT+τ (cx2,cx2,x(R))) ≤
δ
eβ(k + 1)
.
Define a deformation retraction of X onto PR(x0) by
H : X × [0, 1]→ X, cx0,x((1− t)(R− l(cx0,x)) + l(cx0,x)).
Since γ is consistent, we have that Ht ◦Ht′ = Htt′ and by [Weg12, Remark 2.2] we
can define a strong homotopy action Ψ := H0 ◦ Ω on PR(x0) with
Ω:
∞∐
j=0
(G× [0, 1])j ×G× PR(x0)→ X,
Ω(g, x) := gx, Ω(gj , tj , gj−1, . . .) := gjHtj (Ω(gj−1, . . .)).
The space PR(x0) is a contractible, compact, controlled 2 dim(X) + 1-dominated
metric space by Lemma 5.10. We obtain a G-equivariant map
ι : G× PR(x0)→ FS(X, γ), (g, x) 7→ cgx0,gx.
It remains to prove Definition 5.3 (∗). Now let z ∈ PR(x0) and a ∈ G be given.
By induction on m = 0, . . . , k we want to show that for f ∈ Fa(Ψ, S,m) there exists
τ ∈ [−(m+ 1)f(β′), (m+ 1)f(β′)] such that
d(ΦT ι(e, z),ΦT+τ ι(a
−1, f(z))) ≤ (m+ 1)δ
k + 1
.
For m = 0 we have f(z) = Ψ(a, z) = H0(az) = caz,x0(l(caz,x0) − R). Thus by
(5.1) there is τ ∈ [−f(β′), f(β′)] with
d(ΦT ι(e, z),ΦT+τ ι(a
−1, f(z))) = d(ΦT cx0,z,ΦT+τ ca−1x0,ca−1x0,z(R))
≤ δ
eβ(k + 1)
≤ δ
k + 1
.
Now let us consider the induction step. By definition of Fa(Ψ, S,m) there are
gm, . . . , g0 ∈ S, tm, . . . , t1 ∈ [0, 1] with a = gm . . . g0 and
f(z) = H0(Ω(gm, tm, . . . , g0, z)) = H0(gmHtm(Ω(gm−1, tm−1, . . . , g0, z))).
Define f := Htm ◦ Ω(gm−1, tm−1, . . . , g0, ), f ′ := H0 ◦ f ∈ Fg−1m a(Ψ, S,m − 1). By
induction assumption, there is a τ1 ∈ [−mf(β′),mf(β′)] with
d(ΦT ι(e, z),ΦT+τ1ι(a
−1gm, f ′(z))) ≤ mδ
(k + 1)
.
By (5.1) there is τ2 ∈ [−f(β′), f(β′)] with
THE FJC FOR HYPERBOLIC AND CAT(0)-GROPUS REVISITED 15
d(ΦT ι(e, f
′(z)),ΦT+τ2ι(g
−1
m , f(z)))
= d(ΦT (cx0,H0(f(z))),ΦT+τ2(cg−1m x0,g−1m cx0,gmf(z)(R)
))
= d(ΦT (cx0,cx0,f(z)(R)
),ΦT+τ2(cg−1m x0,cg−1m x0,f(z)(R)
))
≤ δ
eβ(k + 1)
.
Therefore, by Lemma 4.6 we obtain
d(ΦT+τ1ι(e, f
′(z)),ΦT+τ1+τ2ι(g
−1
m , f(z))) ≤
δ
k + 1
.
Let τ := τ1 + τ2. Now we can use the triangle inequality:
d(ΦT ι(e, z),ΦT+τ ι(a
−1, f(z)))
≤ d(ΦT ι(e, z),ΦT+τ1ι(a−1gm, f ′(z)))
+ d(ΦT+τ1ι(a
−1gm, f ′(z)),ΦT+τ1+τ2ι(a
−1, f(z)))
≤ mδ
k + 1
+
δ
k + 1
=
(m+ 1)δ
k + 1
. 
Lemma 5.8. For every x ∈ X, R > 0 the space PR(x) is compact, contractible
and a neighborhood of x.
Proof. Since X is proper, the closed ball Bf(R)(x0) is compact. Therefore, also the
closed subspace PR(x0) ⊆ Bf(R)(x0) is compact. The space PR(x0) inherits from
X a metric and is contractible with a contraction given by the chosen paths from
x0. Those paths stay in PR(x0) because the bicombing is consistent.
There exists r with f(r) ≤ R and thus Br(x) ⊆ Pf(r)(x) ⊆ PR(x) and hence
PR(x) is a neighborhood of x. 
Lemma 5.9. The space X is a Euclidean neighborhood retract, i.e., there is a
natural number N , a closed subset A ⊆ RN , an open neighborhood U of A in RN
and a map r : U → A such that r|A = idA and X is homeomorphic to A. The
number N can be chosen to be 2 dim(X) + 1.
Proof. Since X is proper as a metric space, it is locally compact and has a countable
basis for its topology. To see the latter take some x ∈ X and for every n ∈ N
choose a finite cover {B1/n(yi)}yi∈X of Bn(x). This gives a countable basis for the
topology. Obviously X is Hausdorff. By assumption dim(X) < ∞. We conclude
from [Mun00, Exercise 6 in Chapter 50 on page 315] that X is homeomorphic to a
closed subset A of RN for N = 2 dim(X) + 1. For every x ∈ X, ε > 0 the subspace
Pε(x) ⊆ Bε(x) is a contractible neighborhood of x, hence X is locally contractible.
Now the lemma follows from [Dol95, Proposition IV.8.12]. 
Lemma 5.10. The space PR(x0) is a compact contractible metric space which is
controlled (2 dim(X) + 1)-dominated.
Proof. Because of Lemma 5.9 we can find an open subset U ⊆ R2 dim(X)+1 and maps
i : X → U and r : U → X with r ◦ i = idX . Since U is a smooth manifold, it can be
triangulated and hence is a simplicial complex of dimension (2 dim(X) + 1). Since
PR(x0) is compact, i(PR(x0)) is compact and hence contained in a finite subcomplex
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K ⊆ U . Let i′ : PR(x0) → K be the map defined by i. Let be r′ : K → PR(x0) be
the composite
K
r|K−−→ X cx0, (R)−−−−−→ PR(x0).
Then r′ ◦ i′ = idPR(x0) and K is a finite (2 dim(X) + 1)-dimensional simplicial
complex. This implies that PR(x0) is controlled (2 dim(X) + 1)-dominated. 
6. The main theorem
Theorem 6.1. Let G be a group as in Assumption 2.6. Then the Farrell–Jones
conjecture with finite wreath products holds for G.
Proof. By Corollary 4.10 and Lemma 4.11 the action of G on FS(X, γ) is isometric,
proper and cocompact and hence FS(X, γ) is a cocompact flow space for G. The
flow space FS(X, γ) is also finite-dimensional by Corollary 4.18 and it admits strong
contracting transfers by Proposition 5.4. The main theorem now follows from the
following theorem. 
Theorem 6.2 ([KR, Corollary 9.9]). If X is a cocompact, finite-dimensional flow
space for the group G, which admits strong contracting transfers, then G is strongly
transfer reducible with respect to the family Vcyc, in particular G satisfies FJCw.
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